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Let (R, n) be a measurable space, Z a topological space, E a locally convex 
topological vector space which is metrizablc and separable, .X(E) the space 
of compact non-empty subsets of E with the Hausdorff topology. Consider 
a compact-valued mapping 1’ from Q x 2 into I:‘. This paper gives sufficient 
conditions for the existence of some compact space C and some function j 
of Q x % x C into E, measurable in w for every (z, c) E % s C, continuous 
in (z, c) for every w E Q, such that the following rcprescntation formula holds: 
V(oJ, z) E Q x 2, l’(w, a) - {f(W, c, c) 1 c E C). 
Those conditions are mainly that r(w, Z) be convex for every (w, Z) E Q x Z, 
and that the mapping (w, Z) 9 r(w, x) f  rom Q x Z into X(E) be measurable 
in w for fixed z and continuous in z for fixed W. The continuous case (J2 a 
one-point set) is treated as a corollary, and applications are given to the 
theory of continuous compact-valued mappings and differential equations 
with control. 
1. Whenever S is a metrizable and separable space, we shall denote 
by X(S) the set of non-empty compact subsets of 5’. I f  N is an open set 
in S, define the subsets NU and IvI of .X(S) in the following way: 
The family of sets N”, for all open subsets A’ of S, is a basis of a topology z‘ 
on X(S). The family of sets X’ is a subbasis of a topology FL on x‘(S). 
The weakest topology on .X(S) stronger than q, and Fl is called the 
Hausdorff topology, and is denoted by F. It is metrizable and separable. 
Moreover, a theorem of Debreu [2, Prop. 3.11 states that the u-algebra 
generated by F is also generated by q, and is also generated by FL . This 
uniquely defined o-algebra will be called the Horcl u-algebra of .X(S). 
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If T is a topological space, a mapping from T into X(S) will be called 
IOZDY semi-continuous if it is continuous with respect to F, , and upper semi- 
continuous if it is continuous with respect to FU . It will be called continuous 
if it is both lower and upper semi-continuous, i.e. if it is continuous with 
respect to F. If (Sz, G?) is a measurable space, a mapping from .Q into X(S) 
will be called measurable if the inverse image of every Bore1 set of X(S) 
belongs to 6Y. 
Let us introduce a broad class of mappings: 
DEFINITION 1. Let T be a topological space and M a metrizable 
and separable space. A mapping f from Q x T into M will be called a 
Caratheodory mapping if f(~, t) is measurable in w for fixed t E T and is 
continuous in t for fixed w E Q. 
We will now state our problem. Let 2 be a topological space and K a 
metrizable and compact subset of a locally convex topological vector space E. 
Whenever we are given another compact metrizable space C and a 
Caratheodory mapping f from Sz x (2 x C) into K, there arises from it a 
mapping r from D x 2 into Y(K) in the following way: 
qw, z) = {f (w, z, c) I c E c>. (1) 
It can be shown that r(w, a) is measurable in w for fixed z E 2, and continuous 
in a for fixed w E Q, i.e. that I’ is a Caratheodory mapping. In this paper, 
we are concerned with the converse problem: given a Caratheodory mapping 
r from Q x 2 into X(K), does there exist some compact metrizable space C 
and some Caratheodory mapping f from Sz x 2 x C into K such that 
equality (1) holds for every (w, a) in R x Z? We shall prove that the answer 
is yes when the mapping F is convex-valued. It will be a corollary of our 
main theorem which is by itself more far-reaching. Some applications are 
given. This study was initiated by the first coauthor [3]. His results were 
subsequently extended by the second coauthor, to whom the proofs in 
this paper are due. 
2. We shall denote by V(E) the set of non-empty convex compact 
subsets of E. It is a proper subset of X(E). The set G’(K) = V(E) n X(K) 
will be endowed with the Hausdorff topology induced by Y(K). The 
fundamental lemma can now be stated: 
LEMMA 1. There exists a continuous mapping #from %‘(K) x K into K, 
such that: 
vr E V(K), VXEK, w 4 E c 
vr E V(K), VY E c WYY) = Y. 
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We shall use for the proof a well-known lemma: 
IXMII.4 2. Let G be the vector subspace of E generated by K. There exists 
a linear mapping L from G into the flilbert space l2 such that K and L(K) 
are isomorphic through I,. 
Proof. As K is compact and metrizable subset of E, it is also weakly 
compact and metrizable. Let (x,,*),,~ be a sequence in E* separating points 
of K and such that ‘<x,~*, x‘:. -< 1 in for everv x E K and n E N. For x in G, 
define I, b!;: 
L(x) = (&*, .~,\),,X . 
It is clear that L(x) E l* for every x in G and that L is one-to-one on K. 
Moreover I, is continuous on K. Indeed, take x0 E K and E =i 0. There 
exists an integer N such that &N (2/n)* < ~~(2, and a neighbourhood 7 - 
of x0 such that x:ncN I(xn*, x - x0):* < e’/2 for every x in %/. Summing 
the inequalities, we get 11 L(x - x&z < l for every x in % ‘, which proves 
the continuity of L on K. Any continuous one-to-one mapping on a compact 
set is a homeomorphism between this set and its range. 1 
Proof of Lemma 1. Suppose first E is a Hilbert space, and denote by d 
the corresponding metric. For every r in SF(K), define $(r, x) to be the 
projection of x on r. It is clear that Il,(r, x) E r. ITor r in ‘6(K) and s in K, 
define B(r, x) in the following way: 
B(Z-, x) = {y E K ! d(y, x) < d(F, x)). 
The mapping (r, x) +* d(T, x) is continuous on %(K) x K, and therefore 
the graph of the compact-valued mapping (r, x) -+ B(I’. x) is closed in 
V(K) x K i: K. By definition of the projection of .x on I? 
{#(r, x)} L r n qr, x). 
As the compact-valued mapping (r, x) M r is continuous on Z(K) x K, 
and as the compact-valued mapping (I’, x) -+ R(r, x) has a closed graph, 
the compact-valued mapping (r, x) ++ r n qr, x) is upper semi-continuous 
from g(K) x K into X(K) [l, Ch. 6, Sec. I, ‘I’h. 71. This means that 4 
is continuous. 
If  E is not a Hilbert space, WC simply use Lemma 2 to imbed K in 12, 
and we proceed as above with the new imbedding space. 1 
3. Our main theorem will concern, not only Caratheodory mappings 
from R x 2 into V?(K), but a somewhat larger class of mappings. 
624 EKELAND AND VALADIER 
DEFINITION 2. A set valued mapping r from Q x Z into @P(E) is said 
to belong to the class (&) if there exists some Caratheodory mapping p 
from Q x Z into [I, -1 co[ such that the mapping 
is a Caratheodory mapping from R x Z into g(K). It is said to belong to 
the class (Z) if there exists some compact metrizable subset K of E such 
that r belongs to the class (,YK). 
It is clear that the class (Z) consists only of convex-compact-valued 
mappings, and that every Caratheodory mapping from f2 x Z into V?(K) 
belongs to (ZK). The following lemmas may be of use to decide wether 
a set-valued mapping belongs to the class (Z). 
LEMMA 3. Suppose E is metrizable and separable. Then a set-valued 
mapping r from Q x Z into g;;(E) belongs to the class (2YK) if and only .zy 
it is a Carathkodory mapping from .Q x Z into G?(E) and there exists some 
CarathPodory mapping p from Q x Z into [1, + CO[ such that: 
V(U,Z)EQ x z, qw, 4 c pb, w 
Proof. It is known [4] that ‘S?(E) with the Hausdorff topology can be 
imbedded in a locally convex topological vector space as a convex cone. 
Therefore, the mapping (A, C) I+ AC from 10, +co[ x Y;(E) into W(E) is 
continuous, and of course measurable, so that r is a Caratheodory mapping 
from Q x Z into V(E) if and only if (l!‘p)r is. 1 
LEMMA 4. Suppose E is finite dimensional. Then the class (22) consists of 
all Carathe’odory mappings from Q x Z into ‘%;(E). 
Proof. I f  r is a Caratheodory mapping from 52 x Z into S?(E), define 
K = B the unit ball of E and define p in the following way: 
p(w, z) : max{ 1,11 x ;I 1 x E +, z)>. 
Clearly, [l/p(~, z)] r(w, z) C K for every (w, z) in 52 x Z. Moreover, the 
mapping: 
C++max{lixI! ]JEC} 
from V(E) into R is clearly continuous for the Hausdorff topology, so that 
p is a Caratheodory mapping. u 
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4. Sow we have 
Fr~~~~~~~ I. I$,‘henever a set zqalued mapping 7‘ from Q x Z into %(E) 
beloqs to the class (,Xx), there exists a C’aratheodory mappinff .fronz Q >: % Y K 
into E su(.h that 
qw, .z) = {.f(W, z, z.) z’ E h-l. (2) 
Proof. Dctinc f  in the following way, using Lemma I and Definition 2: 
.f(w, z, u) = p(w, =) J,(F(w, 4, u). 
IYsing I,emma 2, we get 
so that: 
v”(F(W, z), K) : F(w, z) 
f  (w, Z, K) = p(w, Z) F(w, 2) = P(w, Z). 
For fixed (z, u), the mapping w :+ t’,(F(w, a), U) is measurable, and so is the 
mapping w --• f  (w, a, u). For fixed w, the mapping (.a, U) ‘--f +(F(w, a), U) is 
continuous, by Lemma I, and so is the mapping (a, u) - j(w, a, u). ‘This 
shows that f is a Carathdodory mapping and concludes the proof. m 
Let us point out two special cases: 
COROLLARY 5. For ezlery Caratheodory convex-compact-valued mapping I’ 
from Q x Z into Y?(K), there exists a Caratheodory mapping f.from Q x % x K 
into E such that: 
qw, .z) = {f (w, Z, u) u E KJ. 
COROLLARY 6. For every Caratheodory conaex-compact-valued mapping I 
from Q x Z into afinite dimensional vector space E, there exists a Caratheodory 
mappinE f from Q x Z x B (B being the closed unit hall of E) into E such that 
qw, z) = {f(u, z, 24) 1 II E R}. 
We shall refine our main theorem to get a kind of implicit function thcorcm. 
Let us call a mapping h from 52 into E scalar-measurable if for any x* in E’, 
the numerical function w 1 + (s *, h(w):> is mcasurablc. A mapping x from .Q 
into % will be called a strongly measurahle function if it is the pointwise 
limit of a sequence of measurable mappings g,, from R into Z with finite 
range. 
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THEOREM 2. Let P be a set-valued mapping from f2 x Z into %‘(I?) belonging 
to the class (ZK), let g be a strongly measurable function from D into Z, and 
let h be a scalar-measurable mapping from 52 into E such that: 
VfJJEQ, h(w) 6 rcw, g(w)>* 
Then there exists a measurable mapping U jrom Q into K such that: 
VWEQ, h(w) = J-h g(w), u(w)). 
Proof. Define U(W) = h(w)/p(w, g(w)) E K. Using the construction of fi 
= Ph E(W)) &)q 
= h(w). 
For every w E 52, g(w) = limg,(w). By continuity of p(w, z) in z, we have: 
VW EL& ~64 g(w)) = lim P(W, g,(w)). 
Clearly, every mapping w ++ p(w, g,(w)) is measurable. Then so is their 
pointwise limit, which proves that U is scalar measurable. As the range of U is 
contained in K, which is compact and metrizablc, U is measurable. 1 
We can again consider the special cases where the range of r is contained 
in some compact metrizable subset K, and where E is finite dimensional. 
We will rather point out a slight refinement in the case where Q is some 
topological space. 
COROLLARY 7. Suppose Q is a topological space and GL! the o-algebra 
generated by its open subsets. Let P be a set-valued mapping from Q x Z into E 
belonging to the class (ZK) with a continuous p. Let g be a continuous function 
from 52 into Z, and let h be a continuous mapping from 52 into L? such that 
VW EQ, h(w) E +, g(w)>* 
Then there exists a continuous mapping U from Sz into K such that 
VWEQ h(w) = f  (w, g(w)> WJ)>. 
Proof. As before, define U(w) = h(w)/p(w,g(w)) E K. It follows from the 
hypothesis that U is continuous. 1 
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Let us state a special case: 
COROLLARY 8. Suppose Q is a topological space and c?I the o-algebra 
generated by its open subsets. Let r be a convex-compact-valued Caratheodory 
mapping from ~2 x Z into a compact metrizable subset K of E. Let g be a 
continuous function from Q into Z, and let h be a continuous function from Q 
into E such that: 
VWEQ, h(w) E r(w, g(w)). 
Then there exists a continuous function L’ from Q into K such that: 
VwE52, h(w) y= f(w, g(w), u(w)). 
5. Note that by taking for R a one-point set, we get the continuous 
case as a special case. Theorems 1 and 2 have continuous versions as well 
as their corollaries. Let us state for instance the continuous version of 
Theorem I. 
THEOREM 1’. Let r be a convex-compact-valued mapping from 2 into E, 
let K be a compact metrizable subset of E and let p be a continuous function 
from Z into [l , -1 oo[ such that the mapping F: 
is a continuous mapping from Z into g(K). Then there exists a continuous 
mapping f  from Z x K into E such that: 
I’(z) -{f(qu)/u~K). 
COROLLARY 5'. For every continuous convex-compact-valued mapping I 
from Z into K, there exists a continuous function f  from Z x K into E such that: 
r(z) (f(z, u) u E K). 
COROLLARY 6’. For every continuous convex-compact-valued mapping r 
from Z into a finite dimensional vector space E, there exists a continuous mapping f  
from Z x B (B being the unit bail of E) into E such that: 
r(z) = {f (z, u) u E B). 
6. Our first application will be to the theory of continuous set-valued 
mappings. 
409j3 j,‘3-1 I 
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PROPOSITION 9. Let r be a continuous mapping from Z into e(K). Then 
there exists an equicontinuous family @ of functions from Z into K such that : 
bE@, VZEZ, v-44 E m4 
vz E z, VY 6 Q), 3ql E @ : r&z) == y. 
In other words, there exists an equicontinuous family of selections reaching 
every point of the graph. 
Proof. Suppose first E is a Hilbcrt space. Define @ in the following way: 
@ T- {z ++ #(r(z), u) : u E K}. 
Recall that #(r(z), u) is the projection of u on T(z). It is well known that: 
II (Ir(W, f4) - (Cl(W, u2)l. d II *I - u* IL (3) 
for every pi and Us in K. Denote by U(Z, K) the space of all continuous 
maps from Z into K, with the uniform norm. Inequality (3) proves that 
the mapping 14 + #(r(.), U) is continuous from K into U(Z, K). Its range 
@ is necessarily compact. It follows from Ascoli’s theorem that @ is cquicon- 
tinuous. If E is not a Hilbert space, we again use Lemma 2 to embed K 
in l* and we proceed as above. 1 
Our second application will be to the theory of differential equations 
with control parameter. We shall say that a function X from [0, T] into E 
is absolutely continuous if there exists some scalar measurable function dX/dt 
from [0, T] into E such that 
X(t) = X(0) + j; $ (s) ds for every t. 
PROPOSITION 10. Let r be a set-valued mapping from [0, T] x E into 
V(E) belonging to the class (ZK). Then there exists a Carathkodory function f 
from [0, T] x E into K such that, whenever an absolutely continuous function X 
from [0, T] into E satisfies equation (4): 
Vt E P, Tl, $ (t) E r(X(t), t) (4) 
then there exists a measurable junction U from [0, T] into K such that: 
‘.Q E [O, Tl, g (t) =f(t, X(t), U(t)). (5) 
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Proof. Simply apply Theorem 2 with Q =: [O, T], Z = E, g == X, 
h = dX/dt. 1 
This proposition tells us that every solution of the differential equation 
with multi-valued right side (4) is a solution of the ordinary differential 
equation (5) for a suitable choice of the control U. The converse is perfectly 
trivial. 
7. As a conclusion, let us point out that the assumption that I’ be 
convex-valued, although it is not a necessary condition for r to be repre- 
sentable as the image of a compact set C by a Caratheodory mapping f, 
is very nearly the best we can hope for. Indeed, nonconvex compact-valued 
continuous mappings need not even have a continuous selection. Other 
kinds of assumptions, replacing convexity, have been extensively studied by 
Michael (see [5] for instance). 
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